Abstract. We prove a positive mass theorem for continuous Riemannian metrics in the Sobolev space W 2,n/2 loc (M ). We argue that this is the largest class of metrics with scalar curvature a positive a.c. measure for which the positive mass theorem may be proved by our methods.
Statement of results
Let (M, g) be a complete, asymptotically flat, smooth Riemannian manifold without boundary of dimension n ≥ 3. As such, there exists a compact subset K ⊂ M such that M \ K is diffeomorphic to ∪ N i=1 N i , with each end N i diffeomorphic to R n minus a compact ball. We assume that the metric g is smooth on M \ K, and satisfies the asymptotic conditions required for the validity of the smooth positive mass theorem. 1 We assume that, globally, the metric g lies in the space W loc (M ). We impose that s g is non-negative in the distributional sense, i.e.
On the set M \ K, g is smooth, so this simply states that s g ≥ 0. However, inside the set K the metric g is not assumed C 2 , and this condition is imposed only in the weak sense.
Our main result is the following.
) be a Riemannian manifold as above with non-negative scalar curvature in the distributional sense. Then the ADM mass of (M, g) is non-negative.
We outline the proof of this result below. (Full details will appear in [1] .) It is an adaption of the approach of Miao [3] (see, also, [4, 2] ), who considered manifolds that contain hypersurfaces over which the mean curvature could be discontinuous. In [3] , one has δ-function like scalar curvature with singular support on the hypersurface. In our approach, the metric may be non-smooth in an arbitrary compact set, but the non-smooth behaviour is less singular. 
we construct a one-parameter family of smooth metrics {g t } t>0 such that g t converge to g both locally uniformly and in W 2,n/2 loc (M ) as t → 0. Enlarging the compact set K if necessary, we may assume that the metrics g t coincide with the metric g on the set M \ K.
2 Since, by construction, g t = g on M \ K, the metrics g t have the same asymptotic behaviour and mass as g. Moreover, g t converges to g in L ∞ (K) and Key words and phrases. Positive mass theorem, low-regularity geometry. The work of NT was supported by a Forschungsstipendium from the University of Vienna. 1 We assume throughout that either n ≤ 7 or that M is a spin-manifold, so that the classical positive mass theorem is valid on M . 2 The gt may be constructed, for example, as follows. Take a finite collection of charts that cover K, and combine these with the ends N i to give an open cover of M . We smooth the metric on the charts covering K by convolution with mollifiers, leaving the metric on the ends unchanged. Adding the resulting metrics together with a smooth partition of unity then yields the smooth approximations that we require.
The former fact, along with the property that g t = g on M \ K implies that there exists ρ(t) ≥ 1 with the property that
as bilinear forms on M , with ρ(t) → 1 as t → 0. From our assumption that g is continuous and lies in W 2,n/2 loc
. It follows from this inequality that the negative part of the scalar curvature of g t satisfies
We
A straightforward calculation using (2.1) shows that the Sobolev constants c 1 [
Let c n = n−2 4(n−1) . It follows from (2.2), (2.3) and the fact that ρ(t) → 1 as t → 0 that there exists t 0 > 0 such that 
Equation (2.6) implies that w t L 2n/(n−2) (M,gt) → 0 as t → 0 and therefore, from (2.5), that ∇ gt w t 2 L 2 (M,gt) → 0 as t → 0. Finally, we construct conformal rescaled metrics g t := u 4/(n−2) t g t . These metrics are asymptotically flat and, by construction, have non-negative scalar curvature. Moreover, the mass of (M, g t ) is related to that of (M, g t ) by the relation [3, Eq. 48]
As noted above, the first term in the integral on the right-hand-side converges to 0 as t → 0. For the second term, we have
Moreover,
From compactness of K, we have
Final remarks
If the scalar curvature of a metric is well-defined and non-negative as a distribution, it is automatically a positive measure. In [3, 4, 2] , this measure has a singular part, but the a.c. part is continuous. In our approach the measure is purely a.c., but only lies in L n/2 on the compact set K. Our class of metrics is therefore "complementary" to that considered in [3, 4, 2] . For example, the metrics considered in [3, 4, 2] are Lipschitz, whereas the metrics we consider are not even Hölder continuous in general. It would be of interest to know whether a combination of our results and those of [3, 4, 2] can be attained.
We believe that our class of metrics is the largest class of metrics with purely a.c. scalar curvature for which the positive mass theorem holds, at least with this method of proof. If we consider metrics in W 2,n/2 loc (M ) without the continuity assumption, then generally the scalar curvature is not well-defined as a distribution. If we assume that the metric is in W 2,n/2 loc (M ) and locally bounded, then s g is well-defined as a distribution, but the smoothed metrics g t will not converge locally uniformly to g, so we will not have the estimates (2.1) and (2.2) that were crucial in our arguments. It therefore seems that continuity of the metric is essential. arises naturally in our approach rather than the pointwise bound found in [3, 4, 2] .
On a related topic, there does not appear to be a rigidity result for our class of metrics. It is conceivable that there exist continuous asymptotically flat metrics in W 2,n/2 loc (M ) with non-negative scalar curvature and zero mass that are not flat, although we have been unable to construct an explicit example. The proof of the rigidity property in [3] involves showing that sup M |u t − 1| → 0 as t → 0. One can adapt this argument to metrics that lie in W 2,n/2+ε loc (M ) for some ε > 0. However, the Moser iteration argument required to derive the L ∞ bound on |u t − 1| breaks down when the metric only lies in W 2,n/2 loc (M ). (Generally, one obtains a bound in an appropriate Orlicz space.) It is therefore possible, for example, that the metrics in our class cannot generally be approximated in C 0 by smooth asymptotically flat metrics with non-negative scalar curvature.
These issues will be reported upon elsewhere [1] .
